SCHUR MULTIPLIERS AND DE BRANGES ROVNYAK 
SPACES: THE MULTISCALE CASE 



DANIEL ALPAY, AAD DIJKSMA, AND DAN VOLOK 

Abstract. We consider bounded linear operators acting on the £2 space in- 
dexed by the nodes of a homogeneous tree. Using the Cuntz relations between 
the primitive shifts on the tree, we generalize the notion of the single-scale 
time-varying point evaluation and introduce the corresponding reproducing 
kernel Hilbert space in which Cauchy's formula holds. These notions are then 
used in the study of the Schur multipliers and of the associated de Branges - 
Rovnyak spaces. As an application we obtain realization of Schur multipliers 
as transfer operators of multiscale input-state-output systems. 



1. Introduction 

In this paper we consider bounded operators acting on the Hilbert space 

(1.1) £ 2 (T) = {/:T^C; ||/|& = £ |/(*)| 2 < oo}, 

teT 

where T is a homogeneous tree of order q > 1, that is, an acyclic, undirected, 
connected graph such that every node belongs to exactly q + 1 edges (see [25] , 
|18j). Such operators arise in the theory of multiscale linear systems and multiscale 
stochastic processes. Here we would like to mention the works [13], [12], [14], 
where Basseville, Benveniste, Nikoukhah and Willsky have developed a theory 
of stationary multiscale systems and stationary multiscale stochastic processes. 
Connections of their theory with the classical setting when q = 1 and the tree T is 
the tree of integers Z (what we shall call the single-scale setting) were explored in 
[8] and [2] . The special case of isotropic processes was considered in [9] ; a different 
approach to isotropic processes uses the theory of Gelfand pairs (see [24], [10]). 

In what follows we consider the general multiscale setting, without the assump- 
tion of stationarity. Some of the results presented here were announced in [3] . 

In order to explain our approach, let us recall that in the stationary single-scale 
setting one considers a function 

s(z) = S + ZSl + z 2 s 2 + . . . , 

analytic and contractive in the open unit disk D — a Schur function. Then the 
multiplication by s{z) is a causal contractive operator acting on the Hardy space 
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H2 of the unit disk and the kernel 
(1.2) K„(z,w) = f — s(z)s(w)* 



1 — zw 

is positive in D. The associated reproducing kernel Hilbert space H(s) has the form 

H( S ) = v^TH 2 ; II V^T/IIhw = W~ 7r)/|| Ha , 

where B s = I — M S M* and ir is the orthogonal projection in H2 onto ker£> s . The 
space H(s) is called the de Branges - Rovnyak space associated with the Schur 
function s; see |16j . [151 Appendix], 25J. It is invariant under the action of the 
backward shift operator Rq, defined by 

(1.3) (R f)( Z ) d = f f{z) - m . 

z 

Moreover, the formulae 

(1.4) Af = Rof, Bc = R Q (s-c), 

(1.5) C/ = /(0), Dc = s(0)-c, 

where / G H(s), c G C, define a coisometry 

'A B\ . (H(s)\ (H( S T 
K C D) ■ \ C J { C 

In terms of these operators A, B, C, D the Schur function s(z) admits the represen- 
tation 

(1.6) s(z) = D + zC{I - zA)- 1 B 
and the reproducing kernel K s (z,w) can be written as 

(1.7) K s (z,w) =C(I - zA)- 1 ^ -wA)~*C*. 



Conversely, if H is a Hilbert space of functions analytic in the open unit disk 
such that there exists a coisometry 

'% % - (?) - r 

where A and C are as in (|1.4p . (| 1 . 5[) (in particular, the space H is i?o-invariant), 
then the formula (|1.6|) defines a Schur function s, for which the kernel K s is given by 
(|1.7p and the associated de Branges - Rovnyak space coincides with H. For this and 
more general results in the setting of Pontryagin spaces see [H Theorem 3.12 p. 85]. 



The representation (1 1 . 6[) implies that if a function 

u(z) = uq + zu\ + z 2 U2 H G H : 



2 



is given, then the Taylor coefficients yo, yi, 2/2 > • • ■ of the function 

y(z) = s(z) ■ u{z) = y Q + zyt + z 2 y 2 H G H 2 

can be recursively determined as follows: 

£0 = 0, 

(1.8) { x n+1 = Ax n + Bu n , 

y n = Cx n + Du n , 
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where x n £ H(s). This fact has many important numerical applications; in the 
language of system theory it means that the representation (II. 6p is a coisometric 
realization of the Schur function s(z) as the transfer function of the input-state- 
output system (|1.8p with the state space H(5). 

In the non-stationary single-scale setting, the Hardy space is replaced by the 
space of upper-triangular Hilbert - Schmidt operators, the Schur functions by 
upper-triangular contractions, the complex variable by the bilateral shift Z on 
and the constants by diagonal operators (see e.g. [3], 20J). In particular, any 
upper-triangular bounded operator 5* can be written as a power series 

(1.9) S = 5 [0] + ZS {1] + Z 2 S [2] + . . . , 

where Sui are bounded diagonal operators. In general, a diagonal operator D does 
not commute with the shift Z. However, they satisfy the commutation relation 

ZD = D {1) Z, 

where D^ = ZDZ* is also a diagonal operator. This fact can be used to 
define a point evaluation of an upper-triangular bounded operator at a diagonal 
"constant" . At the same time S may be viewed as the input-output operator of a 
time-varying causal linear system. In order to construct a non-stationary analogue 
of the realization (|1.6|) . it is necessary to consider square-summable sequences of 
inputs rather than a single input - in other words, the operator of multiplication 
by S acting on the space of upper-triangular Hilbert - Schmidt operators. 

The multiscale setting considered in this paper can be viewed as the natural 
multidimensional generalization of the single-scale non-stationary case. Here 
expansions of the form (|1.9p are replaced with non-commutative powers series 
in q primitive shifts, which satisfy the Cuntz relations (see [TU], [T7]). Just as 
in the single-scale case, the coefficients of these series do not commute with the 
primitive shifts but satisfy certain commutation relations. Thus the multiscale 
setting is different from such multidimensional settings as the classical theory 
of formal non-commutative power series with the coefficients which commute 
with the indeterminates (see [35] and [TT] for recent developments), the Arveson 
space of the ball in C™ (see [21]) and the quaternionic Arveson space (see [5], 
[7]). In particular, in the last two cases the de Branges - Rovnyak space associ- 
ated to a Schur multiplier is Gleason-invariant rather than backward shift-invariant. 

The paper is organized as follows. Section [5] is of a review nature. It presents 
the ordering of the homogeneous tree T as introduced by Basseville, Benveniste, 
Nikoukhah and Willsky and the canonical representation of a bounded linear op- 
erator on the Hilbert space 1% (T) as developed in [8]. Section [3] discusses causal 
operators and, in particular, the algebra of constants. In Section |4] we present the 
point evaluation of a causal operator at a constant. In Section [5] we study the space 
of causal Hilbert - Schmidt operators which plays here the role of the Hardy space 
H 2 of the unit disk. In particular, we present the analogue of Cauchy's formula; see 
Theorem 15.41 Schur multipliers, associated kernels, de Branges - Rovnyak spaces 
and input-state-output systems are studied in Section [6] In the last section we 
present the analogue of a Blaschke factor in the present setting. 
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2. Power series representation of bounded operators on £2(T) 

We start with the ordering of the homogeneous tree T of order q > 1. Note 
that, as follows from the definition (see Introduction), the tree T is infinite. For 
each node t G T wc consider infinite paths, which begin at t. These are infinite 
sequences of nodes 

(<o = t, ii, i 2 , . . . ), 

where each pair of consecutive nodes t kl t k +i is connected by an edge and each two 
consecutive edges are distinct: 

tk+i ^ t k ^ t k+2 , k = 0,1,2,.... 

Two such paths 

(2.1) (t = i,ti,*2, ■ ■ ■ ) and (s = s,si,s 2 , ■■■), 

which begin at the nodes t and s, respectively, are said to be equivalent if they 
coincide modulo finite number of edges: there exist indices to, n such that 

(2.2) t m+k = s n+k , k = 0,1,2, — 

The equivalence classes of paths with respect to this relation are called the 
boundary points of the tree T. 

Let us choose and fix some boundary point of T, which will be denoted bjQ oor- 
Since the graph T is connected and does not contain cycles, for each t £ T there ex- 
ists a unique representative of the equivalence class 007-, which begins at the node t. 

For a pair of nodes t, s, let the corresponding representatives of the boundary 
point 007- be given by ()2.1|) . They coincide modulo finite number of edges, that is, 
(|2.2p holds for some to and n. Let us choose the minimal to and n for which (|2.2p 
holds. Then we denote the node t m = s n by s A t and call the number m + n the 
distance dist(s,t) between the nodes s and t. 

Using these notations, we define the partial ordering ^ and the equivalence 
relation x as follows: 

(2.3) s^t, if dist(s,s At) < dist(£,s At). 

(2.4) sxt, if dist(s,sAt) = dist(t, s A t). 

The equivalence classes with respect to the relation x are called horocycles. 

Furthermore, we choose and fix q mappings 

ctx,...,a q :T — ► T 

acting on the right 

{tax, . . . , ta q } = {s£T : t ^ s, dist(t, s) = 1}. 
The mappings a\, . . . , a q are called primitive shifts. 



In the single scale case, this is —00. 
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The induced left action of the primitive shifts cti, . . . ,a q on the spac^ ii^X) i s 
given by: 



(2.5) 



(ajf)(t) = f(taj), fe£ 2 (T) 7 teT, j = l,...,q. 



Thus the primitive shifts ot\, . . . , a q can be also viewed as bounded linear operators 
on t 2 (T). The adjoint operators are given by 



(2.6) («;/)(*) = | 

and satisfy the Cuntz relations 

(2.7) a t a* 



f{s), if t is of the form t — sotj, 
0, otherwise. 



3=1 



In other words, the operator matrix 

«2 



a 



is unitary: 
(2.8) 



* T 

act = 1, 



a a = 1, 



Since T is a tree, the shifts otj form a free semigroup, which we denote by T q . 
Every element w G J- q acts on the tree T on the right: 

1 1— > tw, 

and on the space £ 2 (T) on the left: 

f^wf, (wf)(t) = f(tw). 
The unit element of T q will be denoted by 0. For w £ T q we also use the notation: 

, . , h~ ( f 0, if w = 0, 

(2.9) \w\ 



In, if w = . . . oti n . 

Definition 2.1. A pair of elements w\ 1 w 2 € T q is said to be reducible if wi and 
w 2 can be represented as 

W\ = OiiVi, W 2 = CtiV 2 

for some v±,v 2 € and some primitive shift on. 

Remark 2.2. Note that a pair of elements wi,t«2 6 .Fg is irreducible if and only if 
there exists teT such that 

(2.10) (tiwi) A(tw 2 ) =t. 

In this case (j2~TU|) holds for all t € T. 



2 See im . 
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Let X(T) denote the C*-algebra of bounded linear operators on liiT). The 
elements of the semigroup T q appear in the non-commutative power series repre- 
sentations of elements of X(T). The coefficients of these power series are diagonal 
operators with respect to the standard basis Xt of 1% (T) : 

1, if t = s, 

0, otherwise. 



, , def 

Xt{s) = 



The precise result can be formulated as follows: 

Theorem 2.3. Every operator S G X(T) can be represented in the form 

i 

(2.11) S= ^2 wlw 2 S WuW2 , 
where: 

(I) S Wl ,w 2 are elements o/X(T) which are diagonal with respect to the stan- 
dard basis Xt of £2 (T). 
(II) The notation 

1 

E 

means that the summation is taken over all the irreducible pairs W\,W2 G 
T q . 

(Ill) Convergence is absolute pointwise: for every f £ £2(T) and t £ T the 
series 

1 

2J (wi*W2S 

Wl ,U>2 /)(*), 

is absolutely convergent and its sum is equal to (Sf)(t). 

Moreover, the diagonal coefficients S Wl ,w 2 °f the series p. lip are partially de- 
termined by 

(2.12) {S Wl , W2 Xr){r) = {Sxr)(swx) if r G T is of the form r = sw 2 

The rest of the diagonal entries of S WljW2 , that is, the values (S Wl _ W2 Xr)(f) for 
r (ji T1D2 can be assigned arbitrarily (as long as they are uniformly bounded). 

Proof. Let S G X(T), / G £ 2 {T) and t £ T be fixed. Then 

(Sf)(t) = J2(SXr)(t)-f(r), 

where the series is absolutely convergent because of the Cauchy - Schwarz inequal- 
ity. 

Observe that, in view of Remark l2.2l for each r G T there exists a unique triple 
s G T, w\ , u>2 G T q such that 

t = swi, r = SW2 

and the pair w\, u>2 is irreducible. (In particular, s = t A r.) Therefore, we have 
(Sf)(t)= (SXsw 2 )(sw 1 ) ■ f(sw 2 ). 

t — SW\ 
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Let now S Wl , W2 be elements of X(T) which are diagonal with respect to the standard 
basis xt of i 2 (T) and satisfy (12.12|) . Then one can rewrite the last identity as 

(Sf){t) = ^2 (Sw u w 2 f)(sw 2 ) = ^2 (wlw 2 S WuW2 f)(t). 

t—sw-i t—swi 

But, in view of (|2.6|) . for every w G T q and g G ^(T) we have 

g(s), if t is of the form t = sw, 
0, otherwise. 

Hence the identity (|2. 1 1[) holds in the sense of pointwise absolute convergence. 



(2.13) (w*g)(t) 



Furthermore, let t, s G T be fixed and let S G X(T) admit (in the sense of 
the pointwise absolute convergence) a representation of the form (|2.1ip , where the 
coefficients S Wl , W2 G X(T) are diagonal with respect to the standard basis \t of 
i 2 (T). Then 

(Sxt) (s) = ^2 (wi*w 2 S WltW2 xt)(s), 

but, in view of (|2. 13|) . the terms of the series on the right-hand side satisfy the 
relations 

(S WuW2 Xt)(t), if t = (i A s)w 2 and s = (t A s)wi, 
0, otherwise, 



(wi*w 2 S WuW2 Xt) (s) 



hence the series contains at most one non-zero term and (|2.12[) follows. □ 

Remark 2.4. In order to avoid ambiguity, we shall usually normalize the diagonal 
coefficients S WlyW2 of the representation (|2. 1 1[) for an operator S G X(T) as follows: 

(2.14) S WuW2 Xr = 0, if r £ Tw 2 . 

Since the diagonal coefficients S WltW2 in the expansion (|2.11|) do not commute, in 
general, with the shift operators w*w 2 , it is of interest to study the representations 
(|2.1ip in the special cases when S is of the form S — Dw* or S = Dw, where 
D G X(T) is a diagonal operator with respect to the standard basis Xt of £ 2 {T) 
and w G T q . 

Lemma 2.5. Let D G X(T) be a diagonal operator with respect to the standard 
basis Xt of £ 2 (T) and let w G T q . Then 

Dw*=w*D', Dw = wD", 
where D' , D" G X(T) are diagonal operators given by 
D'xt = (D X t w )(tw)-xt VteT 

(Dxs)(s) - Xt, ifteTisof the form t = sw, 
0, otherwise. 

Proof. In view of (|2.5p . (|2.6p we have 

Xs, if t is of the form t — sw, 
0, otherwise. 



D"xt 



(2.15) w*xt = Xtw, wxt 
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Since the operators D, D', D" are diagonal, the rest of the proof is straightforward. 

□ 

3. Causal bounded operators and constants 

Definition 3.1. Let S G X(T). S is said to be causal if for every node s £ T and 
every element / G ^2 CO such that 

/(*) = Vt r< s 

it holds that 

(S/)(t) = Vt d s. 

Example 3.2. For every w <£ T q the adjoint operator w* G X(T) is causal, as 
follows from (|2.15p . 

Proposition 3.3. Let S G X(T) &e represented by the pointwise absolutely conver- 
gent series 

i 

S= ^2 W*W2S WllW2 , 

where S Wl _ W2 G X(T) are diagonal operators with respect to the standard basis \t 
of £2 CO> normalized by (|2.14|) . 
TTien 5 1 is causal if and only if 

Swi,w 2 = whenever \wi \ < \w2\- 

Proof. First let us assume that S is causal. Let W\,W2 G .F g be an irreducible pair 
such that \w\\ < \vj2\ and let s G T. Then, according to (|2.3j) and (|2.4j) . 

siwi ^ SW2 and sidi 5^ SW2- 

Therefore, from Definition 13 . II and the formula (|2.12[) of Thcorcm l2.3l it follows that 

S W\ ,W2 X.8W2 — {^XsW2 )(^^1 ) ' XsW2 0. 

In view of (|2.14[) . we conclude that S WlyW2 = 0. 

Conversely, assume that S WltW2 — whenever \w±\ < \u>2\- Let s,t G T be such 
that t ^< s and < ^ s. Then there exists a unique pair of elements w±,W2 G T q such 
that 

t = (t A s)wi, s = (t A s)w2- 
By definition of t A s, this pair w 1,1112 is irreducible. In view of (|2.3|) and l|2.4[) . 
|tui| < |it?2 1 - Hence, according to the formula (|2.12p of Theorem 12.31 

(SXs)(t) = (S Wl . W2 Xs)(s) = 0. 

Thus (Sxs){t) = for every pair of nodes s,t ;gT such that H s and t s. In 
view of Definition 13.11 this means that S is causal. □ 

We shall denote the algebra of causal operators S G X(T) by H(T). Note that, 
in view of Dcfinition l3.il the algebra H(T) is closed in X(T) in the pointwise sense: 
if a sequence Si, S2, ■ ■ ■ of elements of H(T) and an element S G X(T) are such 
that for every / G £ 2 {T) and t G T lim„^ 00 (S n /)(t) = (S/)(t), then S G H(T). 

In order to study the algebra H(T) further, we consider its subalgebra 

C = {S G X(T) : S, S* £ H(T)}. 



DE BRANGES - ROVNYAK SPACES: THE MULTISCALE CASE 



9 



Elements of C play the role of constants in the present setting; we note that 

(3.1) S EC Sxtt span{x s : sxtJWeT, 

where span denotes closed linear span. Thus the subalgebra C is closed in X(T) in 
the pointwise sense. 

Remark 3.4. Note that, according to Proposition 13 . 31 and Thcorcm l2.3[ an element 
S of the algebra X(T) belongs to the subalgebra C if and only if it is of the form 



S= ^2 wlw 2 S WuW2 , 



|tui | = |t«2 1 



where S WljW2 are diagonal operators with respect to the standard basis Xt °f ^2 CO- 

Theorem 3.5. Let S G H(T). Then S can be represented as the pointwise abso- 
lutely convergent series 



(3.2) 



S = ^ W * S M> 



where S\ w i G C are uniquely determined by 

(3 - 3) Pmx*)M = | 0j othermsei 

and satisfy 



(3.4) 



|5r„,il| < 



\v\ — \w\ 



<\\s\\. 



In the proof of Theorem 13.51 we shall use the following lemma: 

Lemma 3.6. Let T G X(T) and let 
i 

(3.5) T= wl W2T WliW2 , where T Wl>W2 are diagonal, 

be the pointwise absolutely convergent expansion ofT as in Theorem ] 2. 3[ Then the 
series 



rri dcf \ " * rri 

T W = U>lW2T Wli 



\ Wl \ = \w 2 \ 

converges pointwise absolutely in C and 

(3-6) l|2[0jll<im|. 

Proof. First we observe that, since the series (|3.5[) is pointwise absolutely conver- 
gent, the series 

/ 

dcf 



( T [0]/)W= f {wlw 2 T WuW2 f){t) 

\w 1 \ = \iv 2 \ 

converges absolutely for each / G and t G T, 
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Now let 

n 

f = ^2 fiXu, where /, e C, 
i=i 

let t)i, . . . \)k be horocycles such that 

{h,...,t n } CfjiU-Ufji 
and let ni,...,TTk denote the corresponding orthogonal projections in £2{T): 

Kj = ^2(-,Xt)e 2 (T) Xt- 
For each j the relations (|2.15|) imply 

Pm^m = j o, otherwise, 

hence 

T[$]njf = TTjTTTjf e ran(7r J ). 

Since 

3=1 

we observe that Tjgj/ £ ^(T) and, moreover, 



i%/r 



fc 

i=i 



= ^|k i T 7 r J -/|| 2 



<Ell r ll 2 ll^/lll(r) = ll r ll 2 ll/lll(T)- 

Since span{x* : i G T} is dense in hiT), we conclude that 

T [0] eX(T), ||T [0] ||<||T||. 
Finally, in view of Remark EP1 T™ eC. □ 



Proof of Theorem \3.5\ According to Theorem 12.31 and Proposition [231 S admits in 
the sense of pointwise absolute convergence a representation of the form 

S= w*W2S Wl ,w 2 , where S Wl . W2 are diagonal. 



|iui|>|m 2 | 



Denote 



S[ w ] = (wS) m , w e T q . 



Then, as follows from (|2.7p , S[ w ] admits in the sense of pointwise absolute conver- 
gence the representation 

/ 

^[ w ] = ^ ' r U)\'W2$wxW,W2 • 
\wi\=\w 2 \ 
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Hence S admits the representation (|3.2|) and the relations (|2.12|) in Theorem 
imply Q . 



Finally, we note that, as follows from Lemma \2. 51 and (|2.7|) . 

S\,,,i=w > vsm ana = > ir<5r,,iio. 



and (Sw) m = 

|u|=H M=M 
Using the identity ww* = I and the inequality (|3.6p in Lemma we obtain 



I5r„,il| < 



\v\ = \w\ 



\{Sw) m w*\\ < \\Sw\\ < \\S\\. 



□ 



Thus the inequality (|3.4p holds. 
Remark 3.7. Let c G C, let S,T € H(T) and let 

5 = 2J w*S" M , T= u;*T N , where S M ,T M 6C, 

be the pointwise absolutely convergent expansions of S, T as in Theorem [331 Then 

Sc + T= ^2 w *(S [w] c + T [w] ), 

where convergence is again pointwise absolute. 

Note that the coefficients S[ w ] G C in the expansion (|3.2[) do not commute, in 
general, with the shift operators w* . The following lemma deals with the special 
case when S is of the form S = Cw* , where C G C. 

Lemma 3.8. Let w G J- q and let C G C. Then 



(3.7) 



Cw* 



v*C v , where C v = vCw* G C. 



\v\ — \w\ 



Proof. Let u e f 9 be such that |t>| = | w| and consider the operator C v = vCw* G 
X(T). For each t G T the relations (fXl) and (|2~T5]) imply that 



C'vXt = «Cxt«; G span{«x« : u x tw} 



spanjxs : sv x tw} C spanjxs : s x i} 



and hence, according to (|3.ip . C„ G C. 

Furthermore, we note that the Cuntz relations (|2.7|) imply 
(3.8) ^ u*« = 7, n = 0,1,2,... 



VGFq 

\v\— n 



Hence 



and (13.71) follows. 



Cw* 



v vCw 



VGFq 

\v\ = \w\ 



□ 
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4. The point evaluation of causal operators 



In this section we define a point evaluation for the elements of H(T) at the 
"points" from C. 



We consider the set of g-tuples 
(4.1) B(T) = f {c = (ex .. 



G C q : lim ||M"||- < 1}, 



which plays the role of the unit disk in the present setting. 
Let c e B(T) and let S G H(T). Let 

(4.2) S = w*S[ w ], where S[ w ] G C, 

be the pointwise absolutely convergent expansion of S as in Theorem 13.51 Then, in 
view of the estimate (13.41) , the series 



(4.3) 



S A (c) d = f X>a)' 



n=0 



/ 



converges absolutely with respect to the operator norm. It follows from Lemma l3.8l 
and the Cuntz relations (12. 7|) that each term of the series (|4.3|) belongs to the alge- 
bra of constants C, which is closed in X(T) in the pointwise sense. Hence S A (c) G C. 

In this way we associate with each operator S £ H(T) a mapping c i— > >S A (c) 
from B(T) to the algebra of constants C We shall refer to this mapping as the 
point evaluation of S . Its main properties are listed in the following lemma. 



Lemma 4.1. 



(I) Let F,G G H(T), P eC,c£ B(T). T/ien 

(4.4) (Fp + G) A (c) =F A (c) -p + G A (c), 

(4.5) (FG) A (c) = (F A (c)-G) A ( C ). 

(II) 7/ S G H(T) and S A (c) = /or every c G B(T), t/ien 5 = 0. 
Proo/. 

(I). In view of Remark l3.7[ the identity (14.4|1 follows immediately from the definition 
(|4.3|) of the point evaluation. Therefore, it suffices to establish the identity (|4.5j) 
for F, G of the form 



_F = w*, G = w%, where wi,W2 G 
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But Lemma 13.81 implies that 

K^) A (c) = (ca)^ Wl ^ w ^w* lW ; = (ca) |tU2| «) A (cK 

|u)|=|u) 2 | IHH^I 

£ w*w(w* 1 ) A (c)wA A (c) = («) A (cK) A ( C ). 

K \w\ = \w 2 \ j 

(II). We prove that S[ w ] — for each w £ T q . We use induction on \w\. First, 

S m = S A (0) = 0. 

Next, assume that 

S[ w ] — ^ w '■ \w\ <n 

and let 

^n+l — ' ' ' ^in+i ■ 

We shall prove that S[ Wn+1 ] = 0. 
Denote 

Wk = a lt . . .a lk , l<fc<n+l, wo = 0. 
Fix to £ T and consider the diagonal operators Cj £ C, 1 < j < q, defined as follows: 
Xt w k , if j = k+i and t = i u> fc , < k < n, 
0, otherwise. 



c jXt 
We set 



C = (Cl ... C q ) 

and observe that, as follows from (12. 5|) . 

Xt w fcJ if * = ^fe+i, < k < n, 
0, otherwise. 



(ca)xt 
Hence 

M" +1 X t = 
{ca) n+2 = 

In particular, c £ B(T). 



Xt , if t = t w n+ i, 
0, otherwise, 



(ca) n+1 w*xt = (ca) n+1 X t w 



Furthermore, in view of (12.151) . for w £ T q such that |w| = n + 1 we have 

Xt if t = t and 10 = iu„+i, 
0, otherwise. 
Thus by the induction assumption 

o = s A (c) = (ca) n+1 w* n+1 S [Wn+l] , 

which implies (see ()2.15|) ) 

= s [w n+1 ] w n+i(a*c*) n+1 xt = S* Wn+l] w n +iXt w n+1 = S* Wn+l] Xt - 
Since to £ T was chosen arbitrarily, S[ Wri+1 ] — 0. □ 
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5. The space of causal Hilbert - Schmidt operators 
In this section we consider the following spaces of Hilbert - Schmidt operators: 
H 2 (T) = {F G H(T); \\Ff 2 = trace(F*F) < oo}, 

c 2 = cnu 2 (T). 

As we shall see from Propositions 15.11 and 15.21 below, the space H 2 (T) of causal 
Hilbert - Schmidt operators plays the role of the Hardy space of the unit disk 
in the present setting: elements of the algebra H(T) act on the space H2(T) by 
multiplication. The space C 2 is the space of constants which appear in the power 
series expansions (see Theorem 13. 5ft of the elements of H 2 (T). 

Proposition 5.1. 



(I) The space H 2 (T) is a Hilbert space contractively included in H(T): 

VFeH 2 (T) (F,F) 2 <\\F\\ 2 . 
(II) C 2 is a closed subspace of the Hilbert space H 2 (T) . 

(Ill) For every F G H 2 (T) and S G H(T) the operators SF and FS belong to 
H 2 (T) and it holds that 

(5.1) max(||5F|| 2) ||F5|| 2 )<||5||||F|| 2 . 

Moreover, the multiplication operators Ms, Ms defined on H 2 (T) by 

(5.2) M S F = SF, M S F = FS, F e H 2 (T), 
satisfy 

\\M S \\ = ||A/ S || = ||S||. 

Proof. It is well known (see, for instance, |J3|) that the space of Hilbert - Schmidt 
operators on a given separable Hilbert space is a Hilbert space. In particular, the 
space 

X 2 (T) = {F G X(T); \\F\\l = trace(F*F) < oo} 
is a Hilbert space. For every F G X 2 (T) and / G ^{T) it holds that 

2 



ii^V) = Eiw)i 2 = E 



teT teT 



< E I^WI 2 ll/ll, 2 2( r)- ll^lli 11/ 

t,s£T 

hence the space X 2 (T) is contractively included in X(T). 



The space H 2 (T) is the intersection 
(5.3) H 2 (T) =X 2 (T)nH(T). 

Since the algebra H(T) is closed in X(T) in the pointwise sense, it is also closed 
with respect to the operator norm. It follows that H 2 (T) is a closed (with respect 
to the Hilbert - Schmidt norm || • || 2 ) subspace of the Hilbert space X 2 (T), which 
proves the statement (I). 
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The proof of the statement (II) is analogous: it uses the fact that the algebra of 
constants C is closed in H(T) in the pointwise sense and hence also with respect 
to the operator norm. 

In order to prove the statement (III), we observe that for every S G X(T) and 
F e X 2 (T) it holds that 

ll^Hi - £ \\SFxt\\t iT ) < \\S\\ 2 £ ll^lll(T) = ll^ll 2 \\F\\h 

\\FSg = \\S*F%<\\S^\\F%=\\Sf\\F\\l 

In particular, taking into account (|5.3[) and the fact that H(T) is an algebra, we 
may conclude that 

VSeH (T ) , VF g H 2 (T) SF,FSe H 2 (T) 

and ED holds. 



Let / € spanjxt} and choose to £ T such that /(t) = VM to. Consider the 
operator F defined by 

(5.4) Fu = u(to) • /, ue £ 2 (T). 

Then 

11*11! = E WF^tWliT) = ll/lli(T) 5 
ter 

hence F € X 2 (T). According to Definition (|3.1|) . the operator F is causal, hence 
F e H 2 (T). 



Furthermore, let 5 € H(T). Then 

~ " L f ll&(r) 5 



|SF||f = £]]SF Xt ||f 2(r) = ||S/|| 2 



ter 

Since span{%t} is dense in £ 2 (T), we conclude that the left multiplication operator 
M s satisfies \\M S \\ > ||5||. On the other hand, ((57TJ) implies ||M S || < ||5||, hence 
\\Ms\\ = \\S\\. 

The proof of the equality |]Ms|| = ||5|| for the right multiplication operator M$ 
is analogous. □ 

Proposition 5.2. Let F G H(T) and Ze£ 

(5.5) F = £ W * F M' 

ids y 9 

where F^j 6 C, oe £/ie pointwise absolutely convergent expansion for F , as in The- 
orem [375[ Then F G H 2 (T) if and only if 

(5.6) Vw G T q F{ W ] G C 2 and £ H^mII! < °°- 

In this case the expansion (|5.5p converges in the H 2 (T)-norm and 
(5-7) ||F||!= £ H F Mlli- 
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Proof. 

(=>). Assume that F G H 2 (T). Then, as follows from the relations (|3.3|) in Theorem 
and the statement (III) of Proposition 15.11 we have 



1*111 = HI 11*112 > lk*lll = E K^x t )(s)l 2 

t,seT 

> E l(^X t )(s)| 2 = E \( F MXt)(s)\* = \\F[w]\\ 



t.sET 

ixs 



t.s&T 



hence G C 2 . 

Furthermore, since F is causal, 
(5-8) ||F||1= J2 \( F Xs)(t)\ 2 = E E K*X*)(M| 2 



s,teT 

s-<t 



= E E I(*hx s (*)i 2 = E n*i 



M Il2- 



s,teT we^o 



Thus (O) holds. 



As a consequence, we obtain the convergence of the expansion (15. 5|) in the fol- 
lowing sense: if we order somehow the countable set J-~ q , say 

J~q = {Wj}j =Ql 

then, according to (|5.6p and the statement (III) of Proposition 15.11 for each n = 
0, 1, 2, . . . the finite sum ^™ =0 w j F [wj] belongs to H 2 (T) and it holds that 



*"E^*K] 



= E H F K]ll2 ^ as ?i ^ oo. 

j=n+l 



(<=)■ Assume that F G H(T) and that the coefficients i*L,] of the expansion 
satisfy the conditions (|5.6p . Then it suffices to reverse the computation (|5.8p in 
order to show that FeH 2 (T) . □ 

Our next goal is to demonstrate that the space H 2 (T) has a reproducing kernel 
structure with respect to the point evaluation defined in the previous section (see 

63)). 



Lemma 5.3. Let F G H 2 (T) have the expansion (|5.5p . where F\ w i G C 2 , and let 
c G B(T). Then the series 



( 



71=0 



(5.9) F*(c) = 

converges absolutely in C 2 . 



E »'^t 
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Proof. It follows from the identity (|5.7|) in Proposition 15.21 that 



E w * F \* 



\w\ —n 



<\\F\\ 2 , n = 0,l,2.... 



Hence, in view of the definition (|4.1|) of B(T) and the estimate (|5 . 1[) in Proposition 
15.11 the series t|5 ,9|) converges absolutely in H 2 (T). Since each term of the series 
belongs to C, the desired conclusion follows. □ 

Theorem 5.4. Let c g B(T). TTien i/ie operator I — a*c* is invertible in H(T) 
and its inverse 



* *\— 1 



(5.10) 

satisfies 
(5.11) 

Proof. In view of the definition (|4.1| of B(T), is the sum of the absolutely 
convergent series 



A A = (7 — a c 



(F A (c),k) 2 = (F,K c A k) 2 , VF g H 2 (T),Vfc e C 2 . 



(5.12) 



^A=E(«V)' 



Since each term of the series belongs to H(T), so does A'^. Let us now choose and 
fix an element k g C 2 and an element F g H 2 (T) with the expansion (|5.5|) . where 
Fr u ,i G C 2 . Then, according to the statement (III) of Proposition [O] 



n=0 



where convergence is absolute with respect to the H 2 (T)-norm. Since, in view of 
the identity 



(a*c*) n = w*w(a*c*) n = ^ w*(w*) A (c)*, 



(5.13) 



Proposition 15.21 and Lemma [5731 imply that 



\w\—n 



\w\—n 



oo oo 

(F,K c A k) 2 = £<F,(aV) n fc) a = J2( E ™F [w] ,{a*cTk) 2 

\w\=n 
oo 



71=0 



E(M™ E ^^M. fc )2 = (^ A (c),fc) 2 . 



W^Tq 

\w\—n 



□ 



Remark 5.5. Note that Theorem 15.41 and the statement (II) of Lemma [4.11 imply 
that 

span{A^ fc : c g B(T), fc g C 2 } = H 2 (T). 
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We close this section with the description of the counterparts of the backward 
shift operator Rq in the stationary single-scale setting (see the formula (II. 3|) in 
Introduction). 

Proposition 5.6. Let operators Aj : H 2 (T) — > H2(T), j — l,...,q, be defined 
by 

(5.14) AjF d = f ' (F - F A (0))a„ F e H a (T), j = 1, . . . ,q. 

Then: 

(I) 77ie operator Aj is the adjoint of the right multiplication operator M a * 
tnU 2 (T): 

Aj=M* p j = l,...,q. 
(II) For i,j = 1, . . . ,q the following relations hold: 

((I-C*C), if i = j, 



AjM a *=M a * aj , M a *Aj 



0, otherwise, 



where 

(5.15) CF= f F A (0). 

(Ill) Let F 6 H 2 (T) with the expansion (|5.5| . where F[ w ^ £ C 2l &e given. Then 
for every pair w, v <G T q such that \v\ = \w\ it holds that 

F [w] =w(CA v F)-v*, 

where 

(5.16) A a n- a ^=A ik ...A il , A 0d =/. 

Proof. Consider F 6 H2(T) with the expansion (|5.5p . where -Fr TO i G C2. Then, in 
view of Proposition [53 



AjF = (F- F m ) aj = w*F [w]aj e H 2 (T) 

\w\>\ 

and for every G € H2(T) it holds that 

(F, Ga*) 2 = (F — F m ,Ga*) 2 = trace ( aj G*(F - F m )) 

= trace(G*(F - F m )a 3 ) = (A,F : G) 2 . 

This proves the statement (I) of the Proposition. 

The statement (II) follows immediately from the Cuntz relations (|2.7p . 

In order to prove the statement (III), let us fix a sequence of indices ii, 13, ■ ■ ■ , 
1 < in — 1- Then 

F = F m +(F- F W ) = CF+ (A ll F)a* i 

= CF+ (CA n F)al + {A^A^alal = ... 



J2(CA^F)v* n + (A v ^F)v* m+1 , m = 0, 1,2, . . . 



n=0 
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where Vo = 0, v n = . . . a% n . Now it follows from the identity (|3.3| in Theorem 
1531 that 

53 w*F [w] d= (CA Vn F)v* Vn 

\w\—n 

and hence 

F [w] =w{CA v ^F)v* M Vw. 

Since the sequence of indices i\, t2, ?3, • • • was chosen arbitrarily, this completes the 
proof. □ 

6. SCHUR MULTIPLIERS AND DE BRANGES - ROVNYAK SPACES 

Definition 6.1. Let S € H(T) be such that ||5|| < 1. Then S is said to be a Schur 
multiplier. 

Theorem 6.2. Let a mapping s : B(T) i— > C be given. Then there exists a Schur 
multiplier S G H(T) such that 

s{c) = S A (c) VceB(T) 

if and only if the kernel K s : B(T) x B(T) — > C defined by 

oo 

(6.1) K s (c,d)=Y2(ca) n (I- s(c)s(d)*)(da) n *, c,deM(T), 

is positive: for any m > 0, cq, c m € B(T), kg, ... , k m <E C2, it holds that 

ni 

53 (K s (c i ,Cj)k j ,k i ) 2 > 0. 

i,j=0 

In this case K s (c,d) — (Kg) A (c), where 

(6.2) K d s d = (I - SS A (d)*)K*, deS{T). 

In the proof of Theorem 16.21 we shall use the following lemma: 
Lemma 6.3. 

(I) Let T : H2(T) > H2(T) be a bounded linear operator. Then T is of the 

form T = Ms for some S 6 H(T) if and only if 

MQ e H(T) TM Q = M Q T. 

(II) Let P : C-2 — > C2 be a bounded linear operator. Then T is of the form 
T = M c for some c £ C if and only if 

VdeC PM d = M d P. 

Proof. We shall prove only the statement (I) of the Proposition; the proof of the 
statement (II) is completely analogous. 

(=*>). The "only if direction is clear: for every S,Q £ H(T) and F e H 2 (T) it 
holds that 

M S M Q F = SFQ = M Q M S F. 
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teT teT 
= u( 



(<=). Assume that an operator T, which commutes with every Mq, is given. For 
each t e T let us consider the projection 7T< G C 2 , 

ir t u d = u(t)xt, ug£ 2 (T), 
and define an operator S on span{x t } by 

Sxt = (TTtt)xt- 

Let / € span{x t } and choose to £ T such that /(i) = Vt ^ to- Consider 
F e H 2 (T) defined by 

Fu = u(t )-f, ue£ 2 {T), 
as in the proof of Proposition ^. II (see (|5.4p ). Then 

F = J2f^- F t°> where F t t °u = u(t ) X t, ue£ 2 (T). 
teT 

Note that F t *° = 7r t F t *° = F t *°7r to G H 2 (T), hence for every u G £ 2 (T) we have 

(TF)u = u(t ) f(t)(TF^) Xt0 = u(to) f(t)(Tir t )Ft°Xt 

teT 

'(to) E /(*)( T7r *)Xt = «(to)S/ = SFu. 
teT 

It follows that 

||S/lk(T) < ||TF|| < ||TF|| a < ||T|| • ||F|| 2 = ||T|| • ||/||, a(T) 
and {Sf){t) = Vt ^ t . Since 

span{x* : teT} — £ 2 (T) and span{F/ : t, s G T, s ^ t} = H 2 (T), 
we conclude that 

S S H(T) and T = M s . 

□ 

Proof of Theorem \6.2[ Let us assume first that s(c) = S A (c), where 5 is a Schur 
multiplier. According to Theorem 15.41 for k S C 2 and F G H 2 (T) we have 

fc, SF) 2 = (K* k, 5 A (d)F) 2 = (S A (d)*K d k, F) 2 , 

hence 

(6.3) M*(K d k) = S A (d)*K d k, 

(6.4) K d k=(I-M s M*)(K d k). 

Furthermore, it follows from the identities (|5.12|) and (|5. 13|) . the definition (|4.3p of 
the point evaluation and the statement (I) in Lemma 14 . 1 1 that 

(K d s r(c) = (K d A r(c) - (s(c)s(dyK d X(c) 

OO 

= ^2(ca) n {I - s(c) S (d)*)(a*d*) n = K s (c, d). 
n=0 

Now, given cq, c m 6 B(7~), fco, . . . , k m G C 2 , we observe that 

m / / m \ m \ 

£ (tf.fc, c,-)*,-, h) 2 = 1(1- M S M* S ) £ 1^ , E *a *i ) > 0, 
j,i=o \ V j=o / i=o / „ 
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because the operator I — MsMg is positive. Thus the kernel K s (c, d) is positive. 

Conversely, assume that the kernel K s (c, d) is positive and define on spanjif^fc : 
d G B(T), k e C 2 } an operator T by 

T{K d h k) = s(d)*K d k. 



Then T is a well-defined contraction, because 



m 


2 


m 


2 

m 


m 


2 






E^a hi 


- E ( K s{Ci,Cj)kj,ki) 2 < 






3=0 


2 


3=0 


2 


J=0 


2 



Hence, in view of Remark 15.51 T can be extended as a contraction on H2(T)). 



The adjoint operator has the property 

(6.5) (T*F) A (c) = (s(c)F) A (c) VF G H 2 (T), Vc G B(T). 

In view of the statement (I) in Lemma 14.11 for every Q G H(T), F G H2(T), 
c G B(T) we have 

(T*M Q F)^(c) = ( S (c)FQf(c) = (( S (c)F) A (c)Q) A (c) 

= ((T*F) A ( C )g) A (c) = (M Q T*F) A (c), 

which, according to the statement (II) of the same Lemma \A. 11 implies 

T*M Q = M Q T*\JQ G H(T). 

Now it follows from Lemma 16.31 that there exists a Schur multiplier S such that 
T* = Ms- In view of (|6.5[) and Lemma |4~T1 this Schur multiplier 5 satisfies 

5 A (c)=s(c) VcgB(T). 

□ 

We recognize in kernel (|6.ip the analogue of the kernel (| 1 . 2[) . mentioned in In- 
troduction. As in the single-scale case, we consider the associated de Branges - 
Rovnyak space defined below. 

Definition 6.4. Let S G H(T) be a Schur multiplier, let 

B s = I - M S M* S 

and let its denote the orthogonal projection in H2(T) onto ker£>s. The Hilbcrt 
space H(5), defined by 

H(5) - ^H 2 (T); ||VbJF[[ H (5) - IK' - ^)*1Ih 2 (t), 
is said to be the de Branges - Rovnyak space associated with S. 
In the sequel we shall use the following terminology: 

Definition 6.5. Let H be a Hilbert space of elements of H 2 (T). The space H is 
said to be right C -invariant if for every F,GgH and c G C it holds that 

FcGH, ||Fc|| h < ||F||h||c||, {Fc,G) h = <F,Gc*) H . 
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Proposition 6.6. Let S £ H(7~) be a Schur multiplier. Then the de Branges - 
Rovnyak space H(S), associated with S, is a right C-invariant Hilbert space. 
Furthermore, for every F £ H(S'), k £ C 2 , c £ B(T) it holds that 

(6.6) K c s keH(S) and (F, K c s k) H(s) = <F A (c), k) 2 , 
where Kg is as in (|6.2p . In particular, 

(6.7) H(5) = spEn{K c s k : k £ C 2 , c £ B(T)}. 

Proof. Let c G C. Since the adjoint of the right multiplication operator M c in 
H 2 (T) is given by M* = M c * , Lemma 16.31 implies that the operators M c and 
Bs commute. Hence, in view of Definitions 16.41 16.51 and the statement (III) of 
Proposition [O] the space H(S') is right C-invariant. 

Furthermore, as follows from (|6.4|) and Definition 16.41 for every k £ C 2 Kgk £ 
H(5). Moreover, for every F £ H(5) we have 

(F,K c s k) H{s) = (F,K c A k) 2 . 

Thus the identity (|5.1ip in Theorem 15.41 implies (|6.6p and the statement (II) in 
Lemma @TTj implies (|6.7[) . □ 

Theorem 6.7. Let S £ H(T) &e a Schur multiplier and let H(S) be the associated 
de Branges - Rovnyak space. Set 

A j F=(F-F A (0))a j , Bjd = (S — S A (0))dotj, 

^ ' ' CF = F A (0), Dd=S A (0)d, 

where 1 < j < q, F £ H(S'), d £ C 2 . Then the following statements hold true: 
(I) The formulae (|6 . 8[) define a bounded linear operator 



A, Bj\ . (H(S)\ (U(S) 
C D ■ I C 2 I C 2 



which satisfies 



(6.9) V 3 V* 



M a * aj 

- v j 

In particular, the space 11(5) is Aj -invariant for j = 1, . . . , q. 
(II) TTie operators Aj , £?., , C, 13 satisfy the relations 

(6.10) A £ F = (AjF)a*ae, B e d = (B J d)a*a e , 

(6.11) Aj(Fc) = (A j F)a* j ca j , Bj{dc) = (B ] d)a*ca j , 

(6.12) C(Fc) = {CF)c, D(dc) = (Dd)c 

for every F £ H(S), ceC, d E C 2 , l<j,£<q. 
(Ill) Let 

(6.13) S= w*S[ w ], where £C 

&e £/ie pointwise absolutely convergent expansion of S as in Theorem \3.5\ 
Then for every d £ C 2 it holds that 

Dd, if w = 0, 

w(CA"B j d)v*a* Vw,v £ T q : \w\ = \v\ + 1, Vj : 1 <j < q, 



(6.14) 5 M d 
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where 

(6.15) A ai i- ai * = Ai k ...A h , A = f /. 
Proof. 

(I). Following the idea of [5] Theorem 2.3], we define a linear operator 
Vj : span j ■ c G B(T), d, e G C 2 J — > H(5) © C 2 

by 

(6.16) V5 = (K c A da* + e). 

We claim that the operator Vj is well-defined and contractive; moreover, for 
every F U F 2 G span i ( ] : c G B(T), d, e G C 2 



(6.17) (W,W) H (S)ec a = ( rPi.^J 

\ V u / ' H(s)ec 2 

Indeed, denote for the moment by C* the adjoint of C in H 2 (T) (that is, the 
injection of C 2 into H 2 (T)). Then, in view of Definition 16.41 and the statements (I) 
and (II) in Proposition 15. 6[ we obtain 

= ( (/mi) + ei) ' + e2) ) H(s)eC2 

= ((Ss + M s C*CM* s ){K c ^d ia * + ei), # A 2 d 2 a* + e 2 ) 2 

= ((/ - Ms M a * Aj M* S ){K C ^ d\ a* + ei), K A 2 d 2 a* + e 2 ) 2 

= ((/ - M^MsMsA^K^d^* + e 1 ),K c A 2 d 2 a* + e 2 } 2 

= (A j M a ,K^d 1 ,K^d 2 ) 2 + (ei,ea>2 - {A ] M a] M s MlA. ] M a >K^d u K^d 2 ) 2 

= {M a , aj B s K^d 1 ,K A -d 2 ) 2 + (e u e 2 ) 2 

= (M a * aj Kg L d 1 ,Ks 2 d 2 ) H (s ) + (ei,e 2 ) 2 . 

Thus (|6.17p holds. Since, according to Proposition ^. 61 the space H(5) is right C- 
invariant and ||a*aj || = 1, we conclude that Vj is well-defined and contractive. Since 

the span of Kgk is dense in H(5) (see (|6.7I0 . Vj can be extended as a contraction 
on H(S) ©C 2 , which satisfies 



In order to complete the proof of statement (I), it suffices to observe that Vj 



V* 
j 



(II). The identities (|5TTD|) - (f6"T2")) follow immediately from ([BT5]l and the Cuntz 
relations (|2.7[) . 
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(III). The proof parallels the proof of the statement (III) in Proposition [SHI Let us 
fix a sequence of indices j — io, %\, %%, 13, . . . , 1 < i n < q. Then for d G C 2 we have 

Sd = Dd+ {S - S m )d = Dd+ {B 3 d)a* = Dd+(CB 3 d)a* + {A n B 3 d)a* ia * = ... 

rn 

= Dd + ^{CA^Bjd)^* + (A"™+ 1 B i d)ACn a i> m = 0, 1, 2, . . . 

where /io = 0, A*n = a h ■ ■ ■ a i n ■ Now it follows from the identity (|3.3p in Theorem 
13.51 applied to Sd, that 

w*S [w] d = (CA^Bjd)^* Vn > 

\w I — rc+1 

and hence 

S [w] d = w(CA^-iB j d)rf w{ , \w\>l. 

Since the sequence of indices io, 13, • • ■ was chosen arbitrarily, we obtain (|6.14[) . 

□ 

A result which is converse to Theorem 16/71 can be formulated as follows: 



Theorem 6.8. Let H be a right C-invariant Hilbert space included in H2(T). 
Assume that for some j , 1 < j < q, there exists a bounded linear operator 



Aj Bj\ /HA fU 



Vj ~ 1 C D j ■ \C 2 J ' \C 2/ 

for which the relations (|6.1ip . (|6 . 1 2[) and (|6.9p hold true. Then: 
(I) The series 

(6.18) S = W * S M> 

where the coefficients S[ w ] G C are determined by 

Dd, if w = 0, 
w{GA^- 1 B j d)af, if \w\ = n > 1, 



(6.19) VdGC 2 5L,id = 



defines (in the sense of pointwise absolute convergence) a Schur multiplier 
SgH(T). 
(II) T/ie series 

00 

(6.20) £ CJ F = M" ' ( C ' j4 "- F ) • a T > FeU,ceB(T) 

n=0 

converges absolutely in C 2 and defines a bounded linear operator E c from 
H to C 2 . This operator E c and the kernel Kg defined in (|6.2p satisfy 

(6.21) {K d s ) A {c)k = E c E* d k Vc,rfGB(T),fcGC 2 . 

(Ill) If the operators Aj and C are as in (|6.8p . then H is the de Branges - 
Rovnyak space associated with the Schur multiplier S: 

H = H(5). 
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Proof. Let c e B(T). Then, as follows from (JO]) and (gj}, the series (jOO]) is 
absolutely convergent in the C2-norm and defines a bounded linear operator E c 
from H to C2. 

Let us consider the linear operator s(c) : C2 — ► C2, defined by 

00 

(6.22) s{c)k = Dk + Yl( ca T ■( CA T lB i k )-° l 7 ' fcGC2 ' 

n=l 

Here, in view of (|6.9p and (|4.ip , the series is absolutely convergent in the C2-norm 
and the operator s(c) is bounded. Moreover, as follows from (|6.11|) and (|6.12p . 
the operator s(c) commutes with M d for every d E C. Hence, according to the 
statement (II) of Lemma T6.31 s(c) E C. 

Next we observe that 

{{M ca M a ,)E c l)v j = {E c s(c)). 

Note that, as follows from (|6.11j) and (16.12p . the self-adjoint operator M a » aj com- 
mutes with Ed for every d E C. From (|6.9|) we obtain 

(E c s(c))(E d s{d)Y = ({M ca M a .)E c r)VjV*({M da M a *)E d /)* 
= (M ca M a ,)E c M a , aj E* d (M a , d ,M a] ) +1= (M ca M a .)E c E%(M a . d .M aj ) + I, 
hence 

/ - s{c)s(d)* - ^ c £^ - (M ca M a *)E c E* d (M a , d ,M aj ). 

Therefore, for every k E C2 the kernel K s (c,d), which appears in the equation 
(|6.ip of Theorem 16. 2[ satisfies 

00 

if s (c, = ^(ca) n (/-s(c)s(d)*)( Q! *d*) ,l fc 

00 

= ^(ca)"((/-s(c)s(d)*)((a*d*) ,l fca 3 "))af 

/;.=0 

00 

= Y;{ ca ) n { E cE* d {<x*d*) n kcq)af - 
00 

- Y,( ca ) n+1 ( E cE* d (a*d*) n+1 ka] +1 )a { ; +1) * = E c E* d k. 

n=0 

In particular, the kernel K s {c,d) is positive. Now, according to Theorem l6.21 there 
exists a Schur multiplier S E H(T) such that 

s(c) = S A (c) VceB(T) 

and the identity (|6.2p implies (|6 . 2 1[) . 

Furthermore, in view of (|6.22p and the statement (II) of Lemma f4. H we obtain 
the formulae (|6.19p for the coefficients S[ w ] of the pointwise absolutely convergent 
expansion (|6.18p of S. This completes the proof of the statements (I) and (II) of 
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the Theorem. 

In order to prove the statement (III), we note that if the operators Aj and C 
are as in (|6 . 8[) . then, according to the statement (III) of Proposition 15.61 and the 
definition (|4. 3|) of the point evaluation, 



E c F = F A (c) VFgH,cG 

Therefore, the identity (|6.21[) implies 

K c s k = E*k e H Vc e M(T),k e C 2 ; 
(F, K c s k) H = (F A (c),k) 2 , VF e H, c g M(T),k e C 2 . 

In view of Proposition 16.61 and the statement (II) of Lemma |4~T1 

H = spE5{K c s k : keC 2 ,ceM(T)} = H(S) and || • ]] H = || • ]|h(S)- 



□ 



The formulae (I6.14| in Theorem l6.7l plav the role of the backward shift realization 
()1.6p in the present setting: they allow to represent a given Schur multiplier S as 
the transfer operator of a multiscale input-state-output system, as described in the 
following theorem. 

Theorem 6.9. Let S G H(T) be a Schur multiplier and let H(5) be the associated 
de Branges - Rovnyak space. Let the operators 

v, = ( A A *'W H < S, W H < S) ). 



s C DJ • \d J \ C 2 
be defined by (|6.8| as in Theorem \6.7\ Let U G H 2 (T), 

U = 2_. W *U[ W ], where U[ w ] G C 2 , 

and let Y = SU G H 2 (T) . TTien tte coefficients YLi G C 2 o/ £/ie expansion 

y = E w * f m 

satisfy the recurrent relations 

r ^0 = 0, 

(6.23) < = + flj-C^,, 

[ F M = W (CX„ + Df/>* Vf e : |v| - M, 

^ E w *^H u '- 

Proof. The case w = is trivial, so let us assume n = \w\ > 1. Let v = . . . a, 
and denote 

Ufc = a ix ...c%, Ujf = oti fc+1 . . . a in , w o = t%=0. 
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As follows from (I6.14|) . 



E U * Y M = E P*S\av*U {v] 

\u\—n \^i\-\-\i'\—n 
n-1 

= E E CA^B ik+1 {u*U [u] v k )v* + D(u*U [u] v)v* 

\u\—n 

= (cJ2A v —B. lk+1 U Vk +DU v ) v* 



k=0 u^T q «£J, 
|u|=fe |u|=ro 

/ n-l 



\ k=0 

hence, according to (|2.7[) . 

Y [w] =wlc J2 A ^ B i»+i U ^ + DU v ] v * 

V 0<fc<n-l 

Denote 

X v = A^TTB. lk+1 U Vk , vef q ,\v\>l. 

0<fe<|u|— 1 

Then 

X vaj = A i AV ~ B * k+ i U v k + B jU v = AjX v + B 3 U V . 

0<k<\v\-l 

In the case v = ctj we have 

X a . = BjU% = AjXg, + BjU®. 
Thus the relations (|6"25|) hold. □ 

7. The Blaschke factors 

In this section we present an important example of Schur multiplier, which plays 
a role in interpolation. We follow the ideas of [3J p. 86-90]. Let c G B(T) and 
consider the operator 

oo 

R c d = f c*) n - (K^(c) G C. 

n=0 

Then R c > and, moreover, 

(7.1) R c = I + c(aR c a*)c*. 
Hence R c > I. Next we define 

L c = a(R c - R c a*c*R- 1 caR c )a* G C qxq . 
Proposition 7.1. The following holds: 

(7.2) L c > 0, 

(7.3) L^ 1 = c*c + aR~ x a* = I + c*c — acL c c*a* , 

(7.4) cL c = i?^ 1 cai? c a*. 
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Proof. Taking into account ()7. 1|) . 

L c (c*c + a,R~ a*) — aR c a*c*c + I — aR c a* c* i?" 1 caR c a* c* c — aR c a*c*R~ 1 c 
= aR c a*c*c + I — aR c a* c* i?" 1 (R c — I)c — aR c a*c* R~ 1 c = I. 
Since c*c + aR~ l a* is positive definite, this means 

L c = {^c + aR^a*)- 1 > 0. 
The rest of the identities follow from (|7.ip analogously. □ 
Note that 

(L c c*a*) n = (aR c a*c*R~ 1 a*) n = aR c a* c* {a* c*) n ~ l R~ l a* , 
hence aL c c*a* G B(T). 

Definition 7.2. Let c e B(T). The operator 

B c = (a* - c)(l - L c c*a*)- l y/L~ c e H(T) 
is called the Blaschke factor, corresponding to the constant c. 

Proposition 7.3. The operator B c is unitary. In particular, the multiplication 
operator A4b c '■ H 2 (T) 9 — ► H 2 (7~) is an isometry. 

Proof. We have 

(I - acL c )L- x {I - L c c*a*) = (a - c*)(a* - c), 
hence B*B C = I and Mb is an isometry. Furthermore, 

(a* — c) = a* (I — ac) 
has a bounded inverse (not causal) , hence B c is also invertible and unitary. □ 

Theorem 7.4. Let F 6 H 2 (T), c 6 B(T). 2%en F A (c) =0i/ and on/y i/F is o/ 
i/ie /orra 

F — B c - G, 

where G e H 2 (T) 9 , ||G|| 2 = ||F|| 2 . 

Proof. First, let us assume that F = B c -G, where G £ H 2 (T) 9 . Then ||F|| 2 = ||G|| 2 
by Proposition 17.31 Furthermore, as follows from Lemma 14.11 B£(c) = and 
F A (c) = (B c G) A (c)=0. 

Conversely, assume that F has the expansion F = ^2 we:F w*Fi w ] and that 
F^(c) — 0. Then F is represented by the series 

F = F-F*(c) = ^2 i w * ~ i w *) A ( c )) F [w]- 

Denote G' d = (7 - ac^aF. Then F = (a* - c)G', G € X 2 (T)« and, moreover, 
G' = ^ (I - acJ-^K - (iu*) A (<0)F M 

= ^ a (i + ca + {caf H h (ra) 1 ™ 1 " 1 ) io*F [w ]. 

\w\>l 
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Since each term of the last series is causal, G' € H2(T) 9 . It remains to define 

G = \/~Lf(I - L c c*a*)G' 
to complete the proof. □ 
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